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An equation is derived for the ascent velocity of large gas bubbles in a liquid. This velocity is assumed to 
be governed by the propagation of a wavelike perturbation caused by the bubble in the liquid. 

NOTATION 

w--bubble (or drop) velocity 
y--specific gravity 
p--dynamic viscosity 
v--kinematic viscosity 
r--bubble (or drop) radius 
~--surface tension 
~--coefficient of friction 
g--gravitational acceleration 
D--bubble (or drop) diameter 
p--pressure 
c--propagation velocity of the wavelike perturbation 
X--wavelength 

A s ingle  p r i m e  ind ica t e s  the heavy phase  of the s y s t e m ,  two p r i m e s  ind ica te  the l ight  phase ,  and the s u b s c r i p t  
m ind ica t e s  e x t r e m e  va lues .  

There have been many theoretical [1-3] and experimental [4-6] studies of the ascent velocity of bubbles in 
liquids, but the relationship between this velocity and the bubble dimensions has not yet been definitely established. At 
present, there are at least four different regions in the bubble-diameter range from 0 to 20 mm requiring different 
calculations procedures [7]. 

R < 2 .  
1. Region  of l a m i n a r  f low around  bubbles  re ta in ing  spher ica l  shape. This r eg ion  is  l im i t ed  to Reynolds  n u m b e r s  
The a scen t  ve loc i t y  i s  given by 

2 ";' -- T" 
w -- 9 ~, r2. (1) 

2. Region  of the mot ion of bubbles  in the shape of planar,  pulsat ing spheroids .  This  reg ion  is l im i t ed  to Reyno lds  
n u m b e r s  within the r ange  2 < R < 4 A  ~ 42 The equat ion r e c o m m e n d e d  for  d e t e r m i n i n g  the bubble  a scen t  ve loc i ty  is  

g9.76 
w =0.33 ~ r l"e8. (2) 

3. Reg ion  of the mot ion  of p l a n a r ,  r e l a t i v e l y  stable  bubbles.  This  r eg ion  is  r e s t r i c t e d  to the Reynolds  number  
r ange  4A ~ < R < 3A ~ The equat ion for  the a s c e n t  ve loc i ty  is  

w= t.35 ( ~ )  ~ (3) 

4. Reg ion  of the mot ion  of m u s h r o o m - s h a p e d  bubbles .  This  r eg ion  is  l i m i t e d  to Reynolds  n u m b e r s  R > 3A ~ In 
th is  e x t r e m e l y  b r o a d  reg ion ,  the bubble  ve loc i ty  is  ca l cu la t ed  f rom 

( 492z (,r --  "r "?/, 
= V  ~ -) �9 (4) 

The quant i ty  A, which def ines  the l i m i t s  of app l i cab i l i t y  of Eqs. (1) - (4) ,  is  given by 
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Figure i shows experimental data from [6, 8, 9] showing the dependence of the ascent velocity of individual air 
bubbles in water at p = 9.8 �9 104 N/m 2. The dependence is seen to be quite complicated. However, the division of the 
entire D range into four characteristic regions cannot be considered to be a natural one, reflecting some real 
difference in the mechanisms governing the bubble velocity in the given medium. The artificiality of the definition of 
these regions is also evident from the structure of Eqs. (1)-(4). 
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Fig. i. Dependence of the ascent velocity 
w" (m/sec) on the bubble diameter D(mm) 
atp= 9.8-104 N/m 2. 1-4) data from [6, 8, 

9, 15, respectively]. 

We propose  here  a "un ive r sa l "  equation,  i. e . ,  one c o r r e l a t i ng  the exper imen ta l  data in the third and fourth 
regions .  This  equation was obtained under  the a s sumpt ion  that the bubble ascent  veloci ty  is  ident ica l ly  equal to the 
propagat ion  phase veloci ty of cap i l l a ry  waves  of length ~D in the liquid. This a s sumpt ion  can be eas i ly  unders tood on 
the bas i s  of the following a rgumen t s .  
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Fig~ 2o Dependence of the propagation 
velocities a 2 (m/sec 2) of capillary and 
gravitational waves on the wavelength 

~(m). 

The small value of the friction between a liquid in gas at a small relative velocity is due to the nondetached 
nature of the flow around the ascending bubbles [i0]. This factor also tends to improve the elasticity of the interface 
and the small "rigidity" of large bubbles, since any local change in pressure causes a corresponding change in shape. 
Accordingly, it may be assumed that the liquid particles flowing around a bubble are not caught up in the bubble motion, 
but instead, remaining at the same horizontal level, merely undergo oscillations about an equilibrium position. The 
oscillation velocity and the propagation velocity of a wavelike perturbation are related by 

= • p / o ' a .  (5) 

Here Ap is the excess pressure in the wave, p'a is the characteristic impedence in the medium, p' is the density of 
the medium, and a is the wave propagation velocity. 

The mechan ica l  energy  of an osc i l l a t ing  sys t em cons i s t s  of the kinet ic  and potent ia l  e ne r g i e s .  F o r  a n o - l o s s  
sys tem,  per iodic  changes of one type of ene rgy  into the other  a r e  cha rac t e r i s t i c ;  at any t ime,  the total  osc i l l a to ry  
energy  per  unit  volume is ,  accord ing  to [11], 

E = I/2 p 'v2 .  ( 6 )  
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The kinet ic  energy  is  c a r r i e d  by the m a s s  e lement ,  while the potential  energy  is  ca r r i ed  by the e las t ic  element .  
In this sys tem,  the e las t ic  e lement  is  cha rac te r i zed  by the sur face  tens ion and the a r ea  of the in terface .  There fo re ,  it 
is  obvious that 

~: = z (-~[-4- r-~). (7) 

The hor izonta l  r ad ius  r 1 of the bubble does not play an impor tan t  role ,  s ince  the forces  act ing in this plane 
compensa te  for  each other  (it is a s s u m e d  that the bubble has a nea r ly  c i r cu l a r  c ros s  sect ion in this  plane). Rela t ion  
(7) may therefore  be r ewr i t t en  in t e r m s  of the ve r t i ca l  r ad ius  alone: 

E ~ ~/,~. (8) 

Compar ing  (6) and (8), we find the osc i l l a tory  veloci ty  of the sys tem to be 

v ---- y ' ~ .  ( 9 )  

The excess  p r e s s u r e  in this osc i l l a to ry  sys tem is a Laplace co r rec t ion  which is genera l ly  equal to (7). 
Expe r imen t s  yield r 1 = (1 .15 -1 .20 ) r  2 for r e l a t i ve ly  smal l  bubbles  (D ~ 10 ram). Therefore ,  within an e r r o r  of 
1 5 - 2 0 % ,  we may a s s u m e  

Ap = 2g/rz .  (10) 

As noted below, an i n c r e a s e  in bubble s ize  reduces  the e r ro r .  

Setting r 2 = r ,  and subs t i tu t ing  (9) and (10) into (5), we find the propagat ion veloci ty  for a wavelike pe r tu rba t ion  
in the l iquid to be 

a =  " l / ' ~  / rp" . (11) 

The quanti ty r is given in o rder  of magnitude by 

r ~ V ~  / (T" --,") ; 

subs t i tu t ing  this into (11), we find 

Compar ing  (12) and (4), we see that when ~ = 1, the ve loc i t ies  w and a a re  equal; i . e . ,  the wave propagat ion 
veloci ty  is equal to the bubble ascent  velocity.  Under  which condit ions ~ = 1 will  ac tual ly  hold in (4) is shown below. 

Accordingly ,  it tu rns  out that the motion of the l iquid pa r t i c l e s  as they flow around the bubbles  is  ac tual ly  
s i m i l a r  to that which occurs  in the case of a wavel ike mot ion of the in ter face  between two i m m i s c i b l e  l iquids,  and 
that the veloci ty of an object  c a r r y i n g  the pe r tu rba t ion  in the liquid is equal to the propagat ion veloci ty of a wave 
formed at the in ter face .  

It is known f rom the theory of sur face  waves that there  a re  two l imi t ing  types of waves,  g rav i ta t iona l  and 
capi l la ry ,  which a r e  separa ted  by an in t e rmed ia t e  range  of wavelengths in which the motion is of a mixed na ture .  
F igu re  2 shows the dependences  of the veloci ty  of gravi ta t ional  (s t ra ight  line) and cap i l la ry  (hyperbolic curve) waves 
on the i r  wavelength. The combined effects of gravi ta t ional  and cap i l l a ry  forces  on the wave veloci ty  a re  shown by the 
dashed curve.  In the genera l  case (dashed curve) ,  the propagat ion phase veloci ty  of the wavelike pe r tu rba t ion  is 
desc r ibed  by [11] 

a 2 :  Z~ "(--Y" 2~ za (13) 
2n ~'+T" + k I"'+T" 

where  ~ is the wavelength. The m i n i m u m  wave veloci ty  cor responds  to the wavelength 

~.m =2~ ~/'~/ (]( -- ' ;").  (14) 

A comparison of the experimental curve in Fig. 1 with the resultant (dashed) curve in Fig. 2 shows that, as 

expected on the basis of the above arguments, there is a quantitative as well as a qualitative similarity. 
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A c c o r d i n g l y ,  in o r d e r  that  Eq. (13) be su i t ab le  for  ca l cu la t ing  the bubble a scen t  ve loc i ty ,  it  i s  suff ic ient  to 
e s t a b l i s h  the r e l a t i o n  be tween  the wavelength  k with the d ime ns ions  of the bubble  exc i t ing  this  wave. Since we have 
found that  the bubble a s c e n t  ve loc i t y  and the wave p ropaga t ion  ve loc i ty  a r e  equal ,  this  i s  e a s i l y  done. We a s s u m e  that  
the m i n i m u m  bubble a s c e n t  ve loc i t y  (Fig .  1) c o r r e s p o n d s  to the m i n i m u m  r e s u l t a n t  wave p ropaga t ion  ve loc i ty  (Fig.  2). 

The minimum wavelength X m is easily calculated from Eq. (14)o For water, e.g., we have km= 17.1 mm at 

20 ~ C. It is evident from Fig. 1 that D m ~ 5.5 ram. Accordingly, we have 

; ~ / O  ~ = ~ . (15) 

This  r e l a t i o n  should ev iden t ly  hold for  a l l  l iqu ids .  

Since X = Xm is a particular case of the possible wavelength values for which the velocity is given by Eq. (13), it 

may be assumed that Eq. (15) will also hold for the entire wavelength range; i.e. , 

= ~D. (16) 

Substitution of (16) into (13) yields 

gD T" -- T" 2ga )V, 
w =  -~  ~,+T,, § D ( f + f ' )  �9 (17) 

The solid curve in Fig. 1 shows data calculated from Eq. (17). This equation describes the experimental data 

completely satisfactorily over a wide range of bubble diameters D >- 1.5 mm. 

The expression in the radical in Eq. (17) is the sum of gravitational (first term) and capillary (second term) 
forces. As D increases, the role of the second term decreases, so the error introduced by the inaccuracy of Eqo (16) 

also decreases. 

Interestingly, when k = k m Eq. (13) yields 

( 4z 2~ (f  --  7'9 )a, ; ~ = \  (~--~~ T ' F  (18) 

at pressures close to atmospheric, i. e., when the quantity 7" can be neglected, this relation is analogous to Eq. (4), 
obtained by Frank-Kamenetskii for the ascent velocity of large, deformed bubbles [7]. Accordingly, Eq. (4) is a 
particular case of the more general relation (17) and holds in an extremely narrow region of bubble sizes, near the 
value D = km/~ (in the range 4 mm< D < 7 ram), where the ascent velocity actually depends weakly on the bubble size. 

Only in this case can the drag coefficient in (4) be assumed equal to unity. The introduction of the quantity ~ into (4) 
should be considered as being necessary to take into account unknown factors affecting the bubble ascent velocity. 

I ~,,~,~.d~f ~- ......~..p-"" ^ 8 
I I  ^~_.~'~" 3 . . ~ - - - " ~  I ' , 7  
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Fig~ 3. Comparison of experimental data of various 
authors on the motion of bubbles and drops in a 
liquid with data calculated from Eqo (19), in terms 
of the dimensionless quantities @ and v: 1-4) water- 
air [13, 6, 8, 15, respectively]; 5) saponin-air [8]; 
6) cyclohexane [8]; 7) water-hydrogen [8]; 8)water- 

air [9]. 
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Although Eq. (17) was  obta ined for  the a s c e n t  ve loc i ty  of bubbles ,  t h e r e  is  no fundamenta l  d i f f e r ence  be tween  the 
m e c h a n i s m s  for  the a scen t  of bubbles  and d rops ,  so Eq. (17) should a l so  hold fo r  the mot ion  of d r o p s  in l iquids .  F o r  
convenience  in c o m p a r i n g  the e x p e r i m e n t a l  da t a  on the a scen t  of bubbles  and d r o p s  by  m e a n s  of Eq. (17), we conver t  
the da ta  to d i m e n s i o n l e s s  f o r m  and plot  the funct ion 

o = o ( v )  ( o ~  w2D(7'+7") D2(~ -~" ) ) .  2g~ , v---- (19) 

F i g u r e  3 shows e x p e r i m e n t a l  and ca l cu la t ed  da ta  in t e r m s  of the coo rd ina t e s  in (19). Most  of the e x p e r i m e n t a l  
da ta  obtained by d i f fe ren t  au tho r s  for  g a s - l i q u i d  s y s t e m s  a r e  seen  to c o r r e l a t e  s a t i s f a c t o r i l y  with the ca lcu la t ed  da ta  
(sol id  l ine) .  This  i s  not t r u e  of the e x p e r i m e n t a l  da ta  of P e e b l e s  and G a r b e r  [12] (do t -dash  l ine  1), obta ined dur ing  
bubble mot ion  in a tube of r e l a t i v e l y  s m a l l  d i a m e t e r  (25 ram). The devia t ion  of t he se  poin ts  is  ev iden t ly  due to the 
ef fec ts  of the so l id  wa l l s  on the p ropaga t ion  ve loc i ty  of the wave l ike  pe r tu rba t i on .  A l so  shown in th is  f i g u r e  a r e  
e x p e r i m e n t a l  da ta  [13] on the mot ion  of l iquid  d rops  (dashed l ine 2). The qua l i t a t ive  na tu r e  of the dependence  is  
r e t a ined ,  but t h e r e  i s  a s ign i f ican t  quant i ta t ive  devia t ion.  The ac tua l  d rop  v e l o c i t i e s  tu rn  out to be l o w e r  than those  
ca l cu la t ed  by Eq. (17). The d i s c r e p a n c y  be tween  the e x p e r i m e n t a l  w = f(D) dependences  for  d r o p s  and bubbles  is  
ev iden t ly  due to the fac t  that  the l iquid  flow around a drop  i s  not nondetached,  and the i n t e r a c t i o n  be tween the 
components  at  the l i qu id - l i qu id  i n t e r f ace  cannot be neglec ted .  The p r e s e n c e  of tangent ia l  s t r e s s e s  at  the i n t e r f ace  
c a u s e s  i r r e v e r s i b l e  ene rgy  l o s s e s ,  so the d rop  m o v e s  m o r e  slowly.  
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